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Alexander Soifer’s creatively titled volume, The Mathematical Coloring Book, which, as he often reminds us,
took 18 years to write, is about many things. The mathematical subject in question is Ramsey theory but there are
also a number of other interesting topics like the Four Color Theorem that involve coloring objects such as points
in space or various kinds of numbers. Perhaps more than mathematics, though, this book is often about the author’s
historical investigations of the origins of mathematical ideas and of the stories of the people behind these ideas,
as is suggested by the book’s subtitle. Soifer’s book is indeed a treasure trove filled with valuable historical and
mathematical information, but a serious reader must also be prepared to sift through a considerable amount of dross
to find the vast quantities of wealth contained inside its covers.
Soifer begins his book in earnest with his favorite problem (which was also a favorite of Paul Erdös): the problem
of finding the chromatic number of the plane, that is, finding the fewest number of colors with which you can color
all the points of the plane so that no two points a unit distance apart have the same color. It is easy to use the vertices
of equilateral triangles whose sides have length one to show that the chromatic number of the plane has to be at
least four. It is almost as easy to find a tiling of the plane using hexagons of the right size that can then be colored
with seven colors to demonstrate that the chromatic number of the plane is not greater than seven. The extraordinary
thing, however, is that for almost 60 years this ‘Chromatic Number of the Plane Problem’ has defied all attempts to
determine whether the chromatic number is in fact four, five, six, or seven. Victor Klee and Stan Wagon have pointed
out that this problem could well take as long to settle as the Four Color Problem did (from 1852 to 1976), and say that
therefore we will have to wait until 2084 to know the answer!
Much of Soifer’s book deals with problems related to the Chromatic Number of the Plane Problem. Since the lower
bound of four is found by embedding graphs in the plane all of whose edges have length one (these are called unit
distance graphs) and this was first done with small graphs constructed using triangles, a natural question—first raised
in 1975 by Paul Erdös—is whether there are any unit distance graphs whose chromatic numbers are four that do not
contain any triangles. This particular problem was soon solved (I would venture to say with a graph so extraordinarily
large as to be uninteresting). The general problem, however, was dramatically solved by Paul O’Donnell, who proved
in 2000 that there exist unit distance graphs of arbitrary girth (the girth of a graph is the length of the smallest cycle in
the graph), and there is a real payoff for a patient reader who gets to see this remarkable theorem proved on page 530
of this book!
In 1927 B.L. van der Waerden, the famed algebraist, proved a theorem (which we now call van der Waerden’s
Theorem) which just happens to be one of the very first theorems in Ramsey theory (long before Ramsey theory was
a theory however). It says that if you color the positive integers with finitely many colors then the integers colored
with one of these colors will contain arithmetic progressions of arbitrary length. Then van der Waerden went back
to algebra, more specifically algebraic geometry, and never thought about Ramsey theory again. Alexander Soifer
devoted 12 years to archival research on B.L. van der Waerden and, for reasons that escape me, includes in this book
117 pages of biography he calls “In Search of Van der Waerden,” a mathematician who, while unquestionably one
of the great algebraists of our era, made only a single contribution to Ramsey theory: his theorem of 1927. Soifer
also spends another 27 pages addressing the more relevant question of who first conjectured the theorem that van der
Waerden proved in 1927, and convincingly, if perhaps a bit overzealously, arguing that Issai Schur and P.J.H. Baudet
independently made this same conjecture. Soifer then comes to the astonishing conclusion that since no proof is
possible without a conjecture we must now call this result the Baudet–Schur–Van der Waerden Theorem. By similar
logic we would need to rename the Four Color Theorem the Guthrie–Appel–Haken Theorem (or, for those who do not
accept the Appel and Haken proof, the Guthrie–Robertson–Sanders–Seymour–Thomas Theorem). Soifer, realizing
that this sort of terminology can become cumbersome, often resorts to abbreviations using initials, but even this can
have unintended consequences, for example, resulting in something called BLT’s Corollary, which as far as I can tell
has nothing to do with the well known Ham Sandwich Theorem. Given Soifer’s preoccupation with naming things it
was inevitable that he would attempt to track down the origin of the term that is the subject of his book; but when
asked by Soifer who first coined the name “Ramsey Theory,” Ron Graham humorously replied to a question that in
all likelihood has no meaningful answer, “Beats me! Who first used the term Galois theory?” (p. 288)
I was puzzled on page 5 when I came across an injunction to “prove the following tool on your own,” an injunction
which was immediately followed by Tool 1.2 which looked very much like a geometry theorem involving vectors.
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But, I obediently did as I was told. My puzzlement ended on page 57 when Soifer informed me that he does not like
to use the Greek word “lemma” since there is an appropriate English word “tool.” Were Soifer making this argument
in German, I would agree that he has a good point because “Hilfssatz” is indeed an excellent substitute for “Lemma”
and is often used by German mathematicians. But in English, “tool” and “lemma” are not close at all as Soifer himself
makes clear when he later uses the term “tool box” in the same way in which many mathematicians use it. My own
personal tool box does contain a few lemmas (Zorn’s lemma, Gauss’s lemma, etc.), but it also contains many things
that are not lemmas (induction, the Axiom of Choice, proof by contradiction, etc.). The great Irving Kaplansky in his
classic book Commutative Rings complained that “I have also grown tired of seeing a barrage of lemmas, propositions,
corollaries, and scholia (whatever they are)” [Kaplansky, 1970, x]. His solution was to present every result (from the
“lowliest lemma” to the “most awesome theorem”) as a theorem; thus, he begins his book with Theorem 1 and ends it
with Theorem 222.
This is a book that needed far better editing. It needed the suggestion that perhaps 117 pages of biography on van
der Waerden is a bit out of balance in a 600-page book. It also needed a copy-editor to correct the numerous grammat-
ical and typographical errors. Many of these errors clearly resulted from interference from Soifer’s native language of
Russian which causes him occasionally to have trouble dealing with articles. Sometimes this sounds charming, some-
times it is simply ungrammatical, and, at worst, it can be confusing. Here are two grammatical examples: “another
6-coloring was found by Ilya Hoffman and I” (p. 50); “Who and when conjectured what Szemerédi proved?” (p. 351)
In a proof of Vizing’s theorem he has a sequence of edges he describes as “maximal (i.e., as long as possible)” (p. 129)
when he should use “maximum” as do the authors whose proof he is using. An example of a typo of the confusing
variety occurs in an important theorem: “Every 5-colored planar map contains two points of the same color until
distance apart.” (p. 209) Someone who has been reading the text carefully and understands the context actually has a
chance of realizing that an article has been dropped here and that “until” really should be “a unit.” Other readers will
simply be completely mystified.
In his introduction, Soifer suggests that this book is suitable as a text for a course. To some extent I agree, although
instead I think it is researchers and students who will find it to be an invaluable, and virtually inexhaustible, source
of material, as will anyone interested in the history of mathematics. As a result, I could certainly imagine using this
book for a student doing an independent study. However, the format of the book does not readily lend itself to normal
classroom situations. One obvious difficulty with using the book as a text is that, while Soifer does occasionally
provide problems as exercises for the reader, he then tends to immediately provide solutions. For example, when he
begins a discussion of Ramsey numbers, he asks the reader to show that the Ramsey number R(3,3) > 5 by coloring
the complete graph on five vertices in two colors without creating a monochromatic triangle in either color, but his
solution is in full view as he is asking the question! This happens repeatedly. Every once in a while, but only by
chance, the solution is out of sight on the next page.
A very enjoyable feature of this book is that Soifer feels free to discuss almost anything at almost any time. He
will throw in thoughts on philosophy or film or music and this greatly enlivens the book, but it can also lead him
into some rather indefensible positions, such as when he has just made the excellent point that several very attractive
recent mathematical tiling patterns are not all that different from some exceptionally beautiful ancient Chinese lattices.
He then grandly concludes: “Nothing is new in the world of art.” (p. 48) I certainly concur with Soifer that we can
find “Picasso’s cubistic geometrization of form” (p. 48) in African art, but can he possibly believe that nothing new
happened in art in 1906 when Picasso produced his revolutionary Les Desmoiselles d’Avignon? Art is always changing,
including, by the way, African art.
The section on the Four Color Theorem seems out of place in this book. In part this is because map coloring has
little to do mathematically with the rest of the material in the text dealing with Ramsey theory but also because so much
of this material is already familiar. Even the asymmetric nine vertex counterexample to Kempe’s proof which Soifer
presents and believes to be the smallest possible has an extra unnecessary edge. I have often asked undergraduates to
find a counterexample that is smaller than the famous, large example due to Heawood and they frequently come up
with a perfectly symmetric graph that is almost surely the best possible. On the other hand, Soifer does show a very
nice connection between the Chromatic Number of the Plane Problem and the Four Color Problem—both problems
were invented by young students: the former in 1950 by Edward Nelson who was 18 at the time, at the University of
Chicago; the Four Color Problem by Francis Guthrie, aged 20 at the time, at University College London in 1852.
An especially enjoyable feature of Soifer’s book is the many photographs it contains. Soifer’s researches uncovered
a rare photo, for example, of Guthrie in later years when he had a distinguished mathematical career at the South
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on edge coloring I have often used but whose face I have never before seen. Not surprisingly, there are many pictures
in this book of Paul Erdös and my favorite is one of him as a very earnest and fiery young man in the early 1930s in
Budapest. Another gem is a photo of Ron Graham who had just interrupted a talk to go down into the audience and
present a check for $1000 to a beaming Timothy Gowers for solving a conjecture that the van der Waerden number
W(k) is bounded by a tower of 2s of height k. (Tim Gowers, also a 1998 winner of the Fields Medal, recently edited
the fabulous Princeton Companion to Mathematics, a review of which will soon be appearing in this journal.) Another
picture I enjoyed enormously is one of Soifer himself with a favorite co-author, Saharon Shelah, because it captures
so well the joy that Sasha Soifer has for life and for mathematics, a joy that fills much of his very fine book.
There are little moments throughout the book that are to be treasured. Many of us knew Paul Erdös only rather late
in his life, yet one characteristic of his that still shined brightly was an ability to look at life as a great comic does.
I learned in Soifer’s book that this was a quality Paul had all of his life, even in the darkest of times. George Szekeres
recalls that in their student days in Budapest when a fellow student got into serious trouble with the police, Paul would
spread the word by saying that “A.L. is studying the theorem of Jordan” (p. 275). This was Paul’s way of saying that
A.L. was being offered the opportunity to experimentally verify that the interior of a prison cell is not the same as the
exterior of a prison cell. As Szekeres tells the story, this was the first time he had heard of the Jordan Curve Theorem.
The most interesting part of the book for me comes near the end when Soifer presents some of his own results
with Saharon Shelah dealing once again with what else but the Chromatic Number of the Plane Problem. Soifer
raises the intriguing possibility that a simple explanation for this problem withstanding every assault on it for nearly
60 years (we know no more now than we did then: is the answer 4, 5, 6, or 7?) may be that the answer could very well
depend on the axiom system we choose to use. By being willing to consider axiom systems other than the standard
ZFC (Zermelo–Fraenkel together with the Axiom of Choice), he and Shelah have arrived at several mind-blowing
results. By using an axiom system they call ZFS (for R.M. Solovay and which replaces the Axiom of Choice by the
Countable Axiom of Choice plus an axiom saying that every set of real numbers is Lebesgue measurable) they were
quickly able to construct a graph whose chromatic number is 2 in ZFC, but is uncountable in ZFS. They were also
able to construct a difference graph in the plane (a difference graph is a generalization of a unit distance graph) whose
chromatic number is 4 in ZFC, but is uncountable in ZFS. Then, in 2007, a student in Australia sent Soifer a unit
distant graph in the plane whose chromatic number is 2 in ZFC, but in ZFS its chromatic number is between 3 and 7.
The Axiom of Choice has been sitting in my own tool box ever since graduate school days when I was first told
that every commutative ring has a maximal ideal and that this follows from Zorn’s lemma. I have never for a moment
doubted this immutable fact about commutative rings, nor do I now. But Soifer has at least given me pause. In his
words, “Are we not paying a high price for the comfort of having a powerful tool,” (p. 561) the Axiom of Choice?
Soifer’s book contains many reminiscences. Among the very best of these is one by Martha Svéd who was part of that
remarkable circle of students in Budapest in the 1930s that included Erdös, Turan, Gallai, and Szekeres. In describing
Erdös on his 80th birthday, she spoke of his youthfulness, how his “best working pals are the young,” and that his
approach to life in all ways was that “of a child” (p. 235). She could not have summed him up better than when she
said, “He has remained the Peter Pan of mathematics” (p. 235). Sasha Soifer too has a lot of Peter Pan in him, for it
takes a great deal of bravery and a true childlike spirit to ask the question: what would happen if we throw away the
Axiom of Choice?
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